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Abstract: Equatorial flattening of the core were previously estimated to be 5 x 10 -• by using seismically 
derived density anomaly, and 1. 7748280 x 10 - 5 by assuming that the ratio of polar flattening to equatorial 
flattening of the core is the same as that of the whole Earth. In this study, we attempted to explain the 
difference by applying a density-contrast stripping process to the crust in the second method. We use the 
CRUST2. 0 model to estimate the inertia-moment contribution resulted from the density-contrast structure in the 
crust to a tri-axial Earth. The contribution of the density contrast in the crust was removed layer by layer. The 
layers include topography , bathymetry , ice , soft sediment , hard sediment, upper crust, middle crust, lower 
crust and the reference crust. For the boundaries of the topography and bathymetry layers, we used ETOP05 
values with a resolution of 5' . For boundaries of other layers, we used values from the CRUST2. 0 model with 
a resolution of 2 o. Mter the contribution of density contrast is stripped, the equatorial flattening of the core 
was found to be 6. 544 x 10-5 , which is still one order of magnitude smaller than the result given by the first 
method. This suggests that at least one of the methods is not correct. The influence of the uncertainty in the 
equatorial flattening of the core on the Free Core Nutation frequency is small , but its effect on the gravitational 
torque acting on the tri-axial inner core cannot be ignored. So an accurate determination of the equatorial 
flattening of the core is still necessary. 
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1 Introduction 
The rotation of the Earth as a tri-axial body with non-
zero equatorial flattening[ I-'] is different from that of a 
rotationally symmetric or biaxial[•-IIJ body. Its princi-
pal inertia moments A , B and C, where A < B < C, can 
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be derived from the second-degree coefficients of its 
gravitational field["i and dyoarnical ellipticity[ 13J. M-
ter inserting A , B and C and other compliances into the 
Liouville equation, the Chandler-wobble ( CW) fre-
quency may be determined[to, 141 • 
However, the principal moments of the core , being 
different from those of the whole Earth , may not be de-
termined from its gravity and dyoarnical flattening. The 
mean structure may be inferred from some one-dimen-
sional layered-Earth density model such as the Prelimi-
nary Reference Earth Model ( PREM) ["l. To estimate 
all three principal inertia moments of the core, Ar, Br 
and C,, both equatorial and polar flattenings are nee-
ded. Polar flattening of the core •r is defined as: 
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(1) 
whereas equatorial flattening of the core e', is defmed 
as: 
, B, -A, 
e ---
'- A, (2) 
The polar flattening may be estimated by using the hy-
drostatic assumption[ 16 ' 17J or by fitting the nutation 
model to the observed very long baseline interferometry 
( VLBI) data["]. The estimation of the equatorial flat-
tening , however, requires some other method or as-
sumption. van Hoolst and Dehant[ 141 estimated e', by 
subtracting the effect of density anomaly of the mantle 
from the inertia moments of the whole Eartb. The value 
they estimated is 
(3) 
Hereafter this will be denoted as method 1. 
Chen and Shen[lOJ calculated e', by assuming that 
both polar and equatorial flattenings of the Eartb de-
crease at the same rate with respect to the depth, as 
given in equation (A2) of Cben and Shen[!OJ: 
e, 
-
' e ' 
e e' 
(4) 
The equatorial flattening of the core thus derived 
may be calculated from corresponding values for A,, B, 
and C, listed in table 4 of Cben and Sben[lo]: 
e', = 1. 7748280 x 10 _, (5) 
Hereafter this will be denoted as method 2. It is 
worthy of note that Szeto and Xu["] assumed that the 
geometrical equatorial flattening of the core is the 
square of its geometrical polax flattening. This is simi-
lar to method 2 in that both studies['"· " 1 assumed the 
equatorial flattening to be of second-order importance 
in polax flattening. 
A laxge difference exists between the estimates of 
the equatorial flattening shown in equations ( 3 ) and 
( 5) . This difference may be attributed to either in-
accuracy of the density-anomaly model used in meth-
od 1 or invalidity of equation ( 4) , which is an un-
verified assumption. To test the assumption one 
would need a density-anomaly model with accuracy 
yet to be considered. 
In this study , we tried to explain such difference by 
applying a density-contrast stripping process to method 
2. This is because what maintains the density contrast 
in the crustal structure is different from that maintains 
density contrast in the mantle. The method of stripping 
the density contrast in the crust is given in section 2. 
Detailed information of density-contrast model we 
used, CRUST2. O["'l and ETOP05 [2!] , are given in 
section 3. The results are listed in section 4 , together 
with a discussion on the effects of equatorial flattening 
of the core on the period of free core nutation ( FCN) 
and on the gravitational torque acted on a tri-axial solid 
inner core. Conclusions are given in section 5. 
2 Striping the density contrast in the 
crust 
The purpose of density-contrast stripping in this study, 
like gravity stripping[" -2Sl , is to better reveal the 
structure in the mantle. The equatorial flattening e' 1 
may then be calculated on the basis of a corrected form 
of equation ( 4) as : 
, er , 
e r = -------e u 
eH 
(6) 
where subscript H refers to the Eartb with curst-density 
contrast stripped, and e8 and e' r are the corresponding 
polax and equatorial flattenings , respectively. 
Principal inertia moments of the whole Eartb in the 
principal-axes reference frame may be expressed as[ 2J : 
(7) 
For a given layer (e. g. ice layer) L with known up-
per-boundary, bottom-boundary and density informa-
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tion , its inertia moments in the geocentric Cartesian 
coordinate system 1'l may be calculated by: 
(8) 
-yz 
If the layer is divided into equally-spaced longitude-
latitude grid (as in the case of CRUST2. 0 and ETO-
P05 data) , equation ( 8) may be calculated analyti-
cally on the basis of the method given in Jin and 
Zhu 126l. It is worthy of note that the result of e', does 
not change much , whether the polar flattening of the 
Earth is considered or not by integrating ( 8 ) . The 
difference is within 1% , which is much smaller than 
the variation of e', during the stripping process, as will 
be shown in section 4. To remove the contribution of 
the layer L to inertia moments ~from I~, it is necessa-
ry to transfonn /~ into the geocentric Cartesian coordi-
nates , where ~ is estimated. This procedure of tensor 
transformation between difference coordinates may be 
done as follows : 
(9) 
where ~ is inertia-moment tensor of the whole Earth in 
the geocentric Cartesian coordinate system , and the 
transformation matrix F may be expressed as : 
[ 
cosq> A cosA A 
F = cos~AsinAA 
smcpA 
coscp 8 cosA 8 
COSlp8 sinA B 
sinlp8 
cosq> cCOSA c l 
COS~cCOSAc (10) 
Sin'J'c 
where ~"•, ~"• and IDe are the latitudes and A,, A• and 
A c are the longitudes of the principal axes OA , OB 
and OC, respectively. Detailed derivation of ~"••~"•• 
IDc,AA ,A. and Ac and based on second-degree coeffi-
cients of the gravity field may be found in Marchenko 
and Schwintzer12l. 
If using subscript H to denote the Earth after layer L 
is stripped in geocentric Cartesian coordinate system, 
then: 
( 11) 
At last, the Eigen-value problem may be solved by 
diagonalizing f.; into diagonal matrix I~ , where the 
three diagonal matrix elements are principal inertia mo-
ments: 
[
I' H 
P' • C r. = d•ag(I.) = I' H (12) 
The relative magnitude among I~ , Ii and "' is un-
known prior to actual computation. We will denote the 
smallest to largest principal inertia moments as A H to 
c •. 
Then , the polar and equatorial flattenings may be 
written as: 
( 13) 
(14) 
By substituting ( 13 ) and ( 14) into ( 6) , equatorial 
flattening of the core for the Earth model may then be 
estimated. Here layer L is stripped and polar and e-
quatorial flattenings are assumed to decrease at the 
same rate with depth. 
3 Data 
Our stripping procedure is almost the same as that used 
by Tenzer125l , but we stripped the ioformation of densi-
ty-contrast component of the crust from inertia moments 
rather than from gravity disturbance. 
The crust model we used is the CRUST2. 0 mod-
el [20] , which has seven layers: water, ice, soft sedi-
ment, hard sediment, upper crust, middle crust and 
lower crust. It classifies the crust into 360 kinds of 
profiles , each of which is relative to a certain kind of 
density and boundary structure that consists of these 7 
layers. During the stripping process, we applied nine 
layers as shown in table 1 , which is in accordance with 
the procedure used by Tenzer1"l , where the model is 
estimated on a spherical Earth. As stated in the section 
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Table 1 DeDSity contrast model of tbe crust 
Boundary Boundary Density contrast 
(up) (bottom) (kg/m3 ) Step Layer name 
I Topography ETOP05 Sphere(R =6371 km) 2670 
2 Bathymetry Sphere (R =637lkm) ETOP05 -1640 
3 Ice CRUST 2. 0 model CRUST 2. 0 model -1757 
4 Soft sediment 
5 Hard sediment 
6 Upper crust CRUST 2. 0 model CRUST2.0 
value-2670 
7 Middle crust 
8 Lower crust 
9 Reference crust Sphere ( R = 6371 km) 
2 , ignoring dynamical flattening of the whole Earth in 
the integration of equation ( 8 ) is appropriate in this 
context. 
The stripping was taken step by step as shown in ta-
ble 1. The topographic layer was stripped first, fol-
lowed by bathymetric layer, ice layer and so on. In ta-
ble 1 , there are nine layers, with upper boundaries 
and bottom boundaries given by the ETOP05 and 
CRUST2. 0 models. We used boundary information 
given by ETOP05 for both topographic and bathymetric 
layers so the resolution is 5 ' x 5 ' . We used CRUST2. 0 
model for boundaries of ice, soft sediment, hard sedi-
ment, upper crust, middle crust and lower crust. 
For the topographic layer, a mean value of2670 kglm3 
was used as the density contrast between the crust 
structure above the hypothetic sphere ( R = 6371 km) 
and the air["l. For the bathymetric and ice layer, the 
density contrasts were estimated by subtracting the 
2670 kg/m3 from the respective mean density of seawa-
ter (1030 kglm3 ) and ice (913 kglm3 ). For soft sed-
iment, hard sediment , upper crust, middle crust and 
lower crust, the density contrasts were calculated by 
subtracting the reference crust density 2670 kglm3 from 
the density value given by CRUST2. 0 model. 
Mter step 8 in table 1 was taken , the crust became a 
layer with uniform density of 2670 kg/m3 , with the 
surface of the hypothetic sphere ( R = 63711 km) as its 
upper boundary and core mantle boundary given in 
CRUST2. 0 model as the bottom. The density contrast 
between this unifonn-density crust layer and its sur-
CRUST 2. 0 model -520 
rounding mantle still contributes to the equatorial flat-
tening of the Earth. By minimizing the correlation be-
tween gravity disturbaoce in which the density contrast 
in the crust is completely stripped of and the topogra-
phy at Moho interface, Tenzer["] found the best value 
to describe the density contrast between the crust aod 
mantle to be -520 kglm3 • The same density contrast 
was used in this study, as shown in step 9 of table 1. 
4 Results and discussion 
4- 1 Polar Oattening of the core after CRUST2. 0 
component is stripped 
Table 2 lists the results of polar and equatorial flatten-
ings of the Earth after certain layer is stripped. It also 
gives the value of equatorial flattening of the core esti-
mated by equation ( 6) with polar flattening of the core 
given by Mathews [ !8] : 
e, =2. 6456 X 10-3 (15) 
From table 2 we may see that, after the stripping, 
the equatorial flattening e~ shows a large cbaoge but the 
polar flattening eH bas changed little. This suggests that 
density contrast in the crust is very important in the 
contribution to equatorial flattening of the Earth. The 
largest contribution is the bathymetry layer, followed 
by the reference crust and topographic layers. 
Table 3 lists the inertia moments and equatorial flat-
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tening after certain layers are stripped. For example, 
the 3rd line corresponds to the result after both the to-
pography aod bathymetry layers were stripped. It may 
be shown that, with more layers stripped from the 
Earth , the chaoge of polar flattening eH is smaller thao 
the change of equatorial flattening e~. An apparent in-
crease was found for e'H after the topographic and ba-
thymetry layers were striped. Mter the reference-crust 
layer was stripped, e'H became smaller. This may be 
explained by isostasy[24J , which meaos whatever densi-
ty-contrast structure there is in the topographic aod ba-
thymetry layers is compensated by the density contrast 
between crust and mantle. 
After the density contrast of the whole crust was 
stripped from the Earth on the basis of assumption 
( 6) , the equatorial flattening of the core is : 
e', = 6. 544 x 10 _, (16) 
When the reference crust was stripped in the final 
step, e'r became 3 - 4 times the value without strip-
ping , as shown by the first aod last values in column 5 
of table 3. So the contribution of density-contrast struc-
ture in the crust to the equatorial flattening of the Earth 
is very significant. However, this value , 6. 544 x 
10 _, , is still smaller thao the value given in equation 
( 3 ) , suggesting that at least one of the two methods is 
not correct. 
Table 2 Inertia moments and equatorial Battening after certain layer is stripped 
As +Bs BH -As ' ' c --- eH eH ., 
Layer to be stripped H 2 
( x!O") (x!O") (x!O-') ( x!O-') ( x!O-') 
EGM08' 2.631 I. 765 3.285 2.203 I. 769 
Topography 2.657 3.809 3.318 4.756 3. 780 
Bathymetry 2. 701 7.872 3.369 9.821 7.685 
Ice 2.612 I. 756 3.260 2.193 I. 773 
Soft sediment 2.629 I. 858 3.281 2.319 I. 863 
Hard sediment 2.629 1.578 3.281 I. 970 1.583 
Upper crust 2.643 2.271 3.300 2.835 2.265 
Middle crust 2.645 2. 815 3.302 3.515 2.806 
Lower crust 2.646 3.009 3.304 3. 758 2.999 
Reference crust 2.553 6.556 3.181 8.167 6.770 
Table 3 Inertia moments and equatorial flattening after certain layers are shipped 
c.-
AH +BH B8 -A8 eH ' ' 2 eH 
., 
Layer to be stripped 
( x!O") (x!O") (x!O-') ( x!o-') ( x!o-') 
EGM08' 2.631 I. 765 3.285 2.203 I. 769 
Topography 2.657 3.809 3.318 4.756 3. 780 
Bathymetry 2.727 9.627 3.403 12.012 9.307 
Ice 2.708 9.592 3.379 11.969 9.339 
Soft sediment 2.706 9.336 3.376 II. 648 9.098 
Hard sediment 2. 703 9.087 3.373 11.337 8.863 
Upper crust 2. 716 9.651 3.388 12.041 9.370 
Middle crust 2. 730 10.915 3.407 13.623 10.544 
Lower crust 2. 745 12.432 3.427 15.522 11.941 
Reference crust 2.664 6.611 3.318 8.236 6.544 
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4. 2 Relationship between FCN and equatorial 
flattening of the core 
For a tri-axial Earth with two layers which consists a 
fluid core and a solid mantle , the normal-mode free 
core nutation ( FCN) may be calculated as 114 l : 
( 17) 
where A, Ac and AM are minimum principal moment of 
inertia of the Earth, fluid core and mantle respective-
ly, and can he obtained as : 
A 
A= e' 
( 1 + 2 ) 
A, 
Ac = , 
( 1 + .,) 
2 
AM=A-A, 
(18) 
where A and A c are mean equatorial moments of iner-
tia of the Earth and the fluid core respectively. The 
values of relevant parameters in equations ( 17 ) and 
( 18 ) except e; are listed in table 4. Mter the FCN fre-
quency is calculated according to equation ( 17 ) , the 
period of FCN may be estimated by 127l: 
(19) 
The FCN periods estimated from e ', by van Hoolst 
and Dehant114l, Chen and Shen 110l and equation 
( 16) , using equations ( 17) and ( 19) , are listed in 
table 5. From table 5, we may see that the values of e; 
estimated by different methods are quite different. This 
difference is large even when we stripped off the density 
contrast in the whole crust by using the method proposed 
Table 4 Basic parameters 
Parameter 
n 
e 
., 
e' 
e' f 
A(kgm') 
A, (kgm') 
q, 
k 
K 
-
k, 
h' 
i.' 1 
G(m3 kg-'s-') 
P.(kg/m3 ) 
Table 5 
References [ 14 ] 
References [ 10 ] 
This study 
Value 
7. 292115 X 10 -5 
0.003283 
0.00265 
2.5 xi0-5 
5xl0-' 
8. 0101 X 1037 
9.12 X 10" 
3.4613 xi0-3 
0.333 
0.939 
0.067 
1.157" 
0.342" 
6. 67428 X 10" 
5.2lxl03 
Souree 
References[ 14] 
References [ 27] 
References [ 28] 
References[ 19] 
Period of FCN and e; 
.; T,CN( days) 
5 X 10 _, 429.6319 
I. 7748280 X 10 -5 429.6132 
6.544 xi0-5 429.6135 
by Chen and Shen 110l. This means that the difference 
between the two previous studies cannot be explained 
by density contrasts in the crust, and so at least one of 
these two results is wrong. On the other hand, we may 
see that this difference of about the one order of magui-
tude has little impact on the estimated FCN periods , 
which differ by only about 0. 0187 days. This is in 
accordance with the conclusion of van Hoolst and 
Dehaot1"l that the equatorial flattening only appears 
as of second-order value in the expression of FCN 
frequency[ 141 • 
4. 3 Relationship between torques on the inner 
core and equatorial flattening of the core 
The influence of equatorial flatteuing of the core on the 
gravitational torques that acts on the inner core cannot 
be ignored 119l. Szeto and Xu119l have estimated the 
magnitude of gnavitational torques acted on a tri-axial 
inner core from a tri-aixal mantle with a tri-axial fluid 
core. In their estimation, the density of mantle, fluid 
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core and inner core were set to be constants, rather va-
rying with depth. This torques can be written as['9l : 
T. = 3{3( C, - B,) sinecosecosv + 
6y ( C, - B.) sine ( - sin2p.sinv + 
CO~COSeCOSV) 
T, = 3{3 ( C, -A, )( - sinecosesinv) + 
6y ( C, -A, ) sine ( - sin2p.cosv -
co~cosesinv) 
T, =3{3(B, -A.)sin2esinvcosv + 
6y ( B, -A, ) ( - co~sinvcosv -
s~cosscoS2v-
cos2p. cos2 esinvcos:v) 
(20) 
where r[f;, Ty and Tz are torque components, As, Bs 
and C, and are principal moments of inertia of the solid 
inner core, and e ,v and 1£ are Euler angles as defmed 
in Szeto and Xu['9l. Terms related to the equatorial 
flattening of the whole core are {3 and 'Y, which can be 
written as functions of geometrical flattenings f and K' 
as follows[ 191 : 
f3 = ~ 1rGpM [ -} lf2 -};) -} (f; -ff) + 
}<K'2-K',)] 
'Y = [ 51rGpM (K' 2 - K' 1) 
(21) 
where subscripts 1 and 2 refer to the inner and the out-
er parts of the tri-axial mantle. 
Here/ and K' are defined as['9l: 
(22) 
where a, b, c are semi major axes of a tri-axial ellipsoid. 
If the density of the tri-axial ellipsoid is constant, 
then the geometrical flattening may be expressed as a 
function of dynamical flattenings accurate to the second 
order of the dynamical flattenings [ l4l : 
{
' 121,2 
a =e-ye -s• 
/3' =e -ee' -e'2 
(23) 
where a' and /3' are also geometrical flattening and are 
defined as: 
la' [(a+b)/2]-c (a +b)/2 {3' =a -b a (24) 
With equations ( 21 ) - ( 24) , {3 and 'Y in equation 
( 20) may then be written accurate to second order of 
dynamical flattening as : 
{3 = - 1~5 1rGp[ 4e; +4e2e'2 +28e2 + (e'2) 2 -
4ei -4e1e'1 -28e1 - (e'1 ) 2] 
'Y =i\"'Gp[e'2 -e2e'2- (e'2)2-
' ' ( ' ) 2] e t + el e t + e t 
or more conveniently as : 
{3 = - 1~5 1rGpm[ 4.' +4ee' +28e + (e') 2 -
4e; -4e,e; -28e1 - (e;) 2] 
(25) 
2 Gp [ ' ' ( ')2 ' ' ( ')2] 
-y= 15 1T me -ee- e -er+erer+ er 
(26) 
From equation ( 26) we see that e; appears in {3 as 
second-order terms of flattening, whereas e~ appears as 
first order of dynamical flattening in 'Y. This suggests 
that accurate estimation of is necessary in determining 
tri-axial gcavitational coupling between the tri-axial in-
ner core and the tri-axial mantle. Figure 1 shows equa-
tion ( 26) with values given in tsble 4. 
From figure 1 we can see that ')' is very sensitive to 
e~. Thus accurate deternrination of e~ is necessary. 
5 Conclusions 
Two different methods in determining the equatorial 
flattening of the core were provided in previous stud-
ies[IO,I4J. Method 1 used a seismically-derived mass 
anomaly["] and obtained a value of 5 X 10 -•. Method 2 
assumed the polar and equatorial flattenings to decrease 
at the same rate["] , and obtained 1. 7748280 X 10 _,. 
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Attempts have been made in this study to reduce the 
difference between these two values. After the applica-
tion of density-contrast stripping to method 2, the e-
quatorial flattening of the core was estimated to be 
6. 544 x 10 -s , which is still quite different from 5 X 
10 -• , suggesting that at least one of the two methods is 
not correct. 
This difference , however, correspond to a difference 
of only 0. 0187 days between periods of FCN estimated 
from these two methods. This means that, when deal-
ing with FCN, such difference is not important. How-
ever, when it comes to determining the gravitational 
coupling between a tri-axial mantle and a tri-axial solid 
inner core , such difference cannot be ignored and an 
accurate determination of equatorial flattening of the 
core is necessary. 
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